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(a) Graphical representation of the Hubbard model. Two of many proposed phase diagrams of the model at intermediate 3
interaction strength, at finite (b) and zero temperature (c). Note (see Sec. [2) that (b) and (c) are mutually inconsistent,
that in (b) charge ordered phases are missing and the precise location of phases and boundaries are hotly debated. In (c)
the ground state in the large doped region is Fermi liquid-like with an instability towards pairing through the
Kohn-Luttinger effect (33]).

1.1. Purpose and structure of this article 6
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Figure 2 2

Consensus plots from benchmark studies of the Hubbard model. (a) Energy of the doped 2D square lattice model at 3
U/t=8 as a function of temperature. Inset: Results for the ground - state energy (from (152))). (b) Néel temperature of
the half-filled model on a cubic lattice (central panel, reproduced with permission from APS (210) with work from

(46}, 242, 212, [136, [T02] [146))). (c) Weak-coupling results for the temperature dependence of the magnetic correlation
length € in the half-filled model on a 2D square lattice (U/t=2, (224)).

1.3. Connection of the model to experiments 6
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DCA: dynamical
cluster
approximation (165])
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been observed also at electron doping (148, 228, 254), most studies focus on models with a 1
finite next-nearest-neighbor hopping ¢ which show a non-Fermi liquid behavior of the self-
energy at hole doping. In the weak-coupling regime, there is a natural connection between
the Fermi surface topology and the coherence of low-energy quasiparticles: for a hole-like
Fermi surface, the coherence of low-energy quasiparticles is suppressed at the hot spots.
When the Fermi surface turns electron-like, increased quasiparticle coherence is restored all
along the Fermi surface. The pseudogap only exists when the Fermi surface is hole-like.
Hence, the Lifshitz transition from hole- to electron-like topology controls both the location
of the self-energy singularities and the topological transition of the Fermi surface.

5. The doped 2D Hubbard model at intermediate-to-strong coupling 2
5.1. Competition of low-energy ground states: uniform vs stripe states 3

A striking feature of the doped 2D Hubbard model at strong coupling as well as of the 4
t-J model is that they exhibit several competing ground states which lie very close in
energy. This includes, on the one hand, a uniform d-wave superconducting state (see
Refs. (43} 120, [165, 254, 217) for a review of early results) sometimes coexisting with antifer-
romagnetic order at low doping, on the other hand various inhomogeneous states in which
charge and/or spin densities are modulated, called stripes (see Refs. (264, 66, 142, 1) for
reviews). Experimentally, stripe order was also observed in some cuprate materials (253) in
the under-doped region. In early Hartree-Fock studies, stripes were found to be insulating
with a filling of exactly one hole per unit length (295, 197), whereas later it was found
that stripes may also exhibit a different hole density (276} 277, 280) with coexisting d-wave
superconductivity (278,196, 281, 40,139, 302). A more complex variant of the stripe, called a
PDW state (1), includes a 7 phase shift in the superconducting order between neighboring
stripes, such that d-wave superconductivity vanishes on average. The PDW state was pro-
posed in Ref. (13) as a possible explanation for the suppressed superconductivity observed
in LBCO around 6 = 1/8 doping (155), and was found to be energetically very close to the
stripe without phase shift (96, 207, 39).

Due to this strong competition it has been an open question for many years whether 5§
the ground state is a uniform d-wave or a stripe state (with possible coexisting su-
perconductivity). Initially, the former was supported particularly by many VMC stud-
ies (294, [77, 74, 238, 57, 179, 250) and (cluster) DMFT studies (158, 190, 170, 23). A
common opinion was that the stripes found with DMRG could be an artifact of the cylin-
der geometry, and that they would not be stable in isotropic, periodic systems (which are
difficult to study with DMRG). This viewpoint was supported by a VMC study (12) where
it was shown that a lattice anisotropy indeed leads to (spin) stripe correlations, and also
by Ref. (106)) where no stable stripe state was obtained in the ¢-J model, even when adding
a (period 4) stripe bias and combining VMC with fixed-node MC and Lanczos steps. On
the other hand, stripe states were found with iPEPS in the 2D thermodynamic limit (40)
in the ¢t-J model, which are energetically lower, but very close to the uniform state (39),
and also in a inhomogeneous DMFT approach for U/t = 8 (196)).

More recently, based on a combined study with DMRG, CP-AFQMC, DMET, and ¢
iPEPS, consensus has been reached that the ground state of the doped 2D Hubbard model
for U/t = 8 (t' = 0) and § = 1/8 doping is a stripe state with a charge period 8 without
coexisting d-wave superconducting order (303), shown in Fig. c). While stripes with
periods 5-7 and coexisting d-wave superconductivity are energetically very close to the
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Figure 3 2

(a-c) Examples of competing states in the doped 2D Hubbard model for U/t = 8 and § = 1/8. The circle radius and the 3
arrow length are proportional to the hole and spin densities, respectively, and the width of the colored bonds scales linearly
with the local singlet pairing strength. (a) Uniform d-wave superconducting state with coexisting antiferromagnetic order
(from iPEPS). (b) A stripe with charge and spin period 7 with coexisting d-wave superconductivity, and the typical

m-phase shift in the antiferromagnetic order across the domain wall with maximal hole density (from iPEPS). (¢) A period

8 stripe with exactly one hole per unit length per stripe, where superconductivity is entirely suppressed (from
CP-AFQMC). Note that due to the m-phase shift in the AF order, the period of the spin order is doubled in stripes with
an even charge period. (d) Energies of stripes with different charge periods A and the uniform d-wave state (inset) relative
to that of the A\ = 8 stripe obtained with different methods. All figures are taken from Ref. (303).

ground state for U/t < 4 and large doping 6 > 0.3 was predicted from DiagMC (49, 267), 4
however, smaller dopings were not accessible due to convergence problems of the diagram-
matic series. More work will be needed to accurately identify the crossover regime between
uniform and stripes states.

5.1.2. Stripes at finite t’. Stripe ground states have also been found upon including a 5
negative next-nearest neighbor hopping ¢’ (corresponding to the hole-doped case) where
the preferred stripe period shifts to smaller values with increasing strength of ||/t (116},
[107, 198, [124] [127). (A sufficiently large positive t'/t > 0.15, in contrast, stabilizes the
uniform d-wave state over the stripe state (107, 198)). Interestingly, a period 4 stripe,
which is the typical period found in experiments (253), is stabilized at 1/8 doping over a
wide range of ¢/, 0.16(4) < |t'|/t < 0.423(10) (198) (a similar lower bound was found in
Ref. (116))), which includes the values that have been predicted as realistic parameters for
different cuprate materials (3} 98 [97). Both iPEPS (198) and VMC (116) predict period
4 stripes without coexisting d-wave order at 1/8 doping. However, in contrast to VMC,
iPEPS finds coexisting d-wave superconductivity in the period 5-7 stripes at 1/8 doping,
and in the period 4 stripe at larger doping 0.14 < § < 0.25 (corresponding to a hole density
per stripe unit length, 0.57 < p; < 1; a similar range was also found for the period 5 stripe).
Coexisting superconductivity in the period 4 stripe was found on a width-4 cylinder using
DMRG (124, 127, 249) (also in the ¢-J model (51} [125)), however, it was pointed out in
Ref. (249) that the pairing on the width-4 cylinder does not correspond to the ordinary d-
wave order one would expect in the 2D limit, but to a ”plaquette” d-wave pairing. (Another
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(a) Many-body density of states from an eight-site dynamical cluster approximation calculation with U/t=7, ¢/ /t=—0.15 3
and T'/t=0.05 for various hole dopings z at the antinode and node, respectively (reproduced with permission from APS
(I61). (b) Fluctuation diagnostics of a DCA self-energy in the pseudogap regime, showing that short-range spin
fluctuations are the origin of the pseudogap in the 2D Hubbard model (reproduced with permission from APS (88])).

5.2. Pseudogap 6
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6. Towards the simulation of experimental probes 6
6.1. Angle-resolved photoemission spectroscopy 7
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